Abstract. The aim of this paper is to show the small data scattering for 2D ICQNLS:
Introduction
In this paper we consider the following Cauchy problem for inhomogeneous cubic-quintic nonlinear
Schrödinger equations (ICQNLS):
   iu t = −∆u + K 1 (x)Q 1 (u) + K 2 (x)Q 2 (u) in R 1+2 , u(x, 0) = ϕ(x),
where Q 1 (u) = |u| 2 u, Q 2 (u) = |u| 4 u, and K 1 , K 2 ∈ C 2 (R 2 \{0}; C). The model of ICQNLS (1.1) can be a dilute BEC when both the two-and three-body interactions of the condensate are considered. For this see [3, 33] and the references therein. Also it has been considered to study the laser guiding in an axially nonuniform plasma channel. For this see [22, 31] .
The interaction coefficients K l are assumed to satisfy the growth condition: for some constants b 1 , b 2 ≥ 0
where ∂ is one of ∂ j , j = 1, 2. Some basic notations are listed at the end of this section. By Duhamel's formula, the equation (1.1) is written as an integral equation u = e it∆ ϕ − i If K l are real-valued, then we can define the mass and energy of the solution u to (1.1) as follow:
We say that mass and energy of solution u are conserved if they are constant w. r. t. time.
The inhomogeneous NLS of single nonlinearity with coefficient behaving like |x| b (b ∈ R) have been extensively studied by the authors of [6, 5, 8, 14, 16, 17, 18, 19, 20, 21, 24, 29, 30, 35] . In particular, the well-posedness for the coefficient with b > 0 has been considered under radial symmetry ( [6, 5, 35] ). The radial symmetry plays a crucial role in nonlinear estimates in the energy space thanks to the decaying properties of radial Sobolev functions. Recently the first author of this paper considered 3D ICQNLS without radial symmetry in [7] , where the well-posedness, finite time blowup and small data scattering are systematically studied based on the decaying properties of angularly regular functions and 3D endpoint Strichartz estimate. Encouraged by this work, we consider 2D scattering problem in this paper. One of the most distinguished feature of 2D scattering problem is that the endpoint Strichartz estimate is forbidden. What is worse is that we cannot control the cubic term to the long time with the usual Strichartz estimates of admissible Schrödinger pairs since the coefficient K 1 makes the equation (1.1) mass-subcritical in terms of L 2 -scaling. That is to say a time factor appears and it prevents us from handling solutions globally in time due to the lack of uniform bound of angular Sobolev norm. For this see the local well-posedness in Section 3. In this paper we will overcome these obstacles. To this end we will use not only decaying property of angularly regular functions but also recently developed angularly averaged Stricharz estimates [32, 9, 23] , which provides us an extended range of admissible pairs. We will see the detail in Section 4 below.
The angularly regular functions are defined by the angular derivative ∂ θ , where θ is the argument such
as angular momentum. Now we define Sobolev spaces H
θ,p (1 ≤ p ≤ ∞) associated with ∂ θ as follows: for any radial function f . These spaces give us Sobolev type inequalities associated with angular regularity such as
This estimate is crucial for our nonlinear estimates. See Lemma 2.4 below. Now we state our main result, small data scattering. We say that a solution u to (1.1) scatters (to u ± ) in a Hilbert space X if there exist ϕ ± ∈ X (with u ± (t) = e it∆ ϕ ± ) such that lim t→±∞ u(t) − u ± X = 0 We have the following.
is sufficiently small, then there exists a unique
The main ingredient of the proof is how to control globally in time the mass-subcritical nature of cubic term occurring due to the growing coefficient. This can be settled by using the angularly averaged Strichartz estimates (4.1) and (4.3), which hold for a wider range of admissible pairs. Let us brief on the key steps.
Taking a angular and space derivatives to the Duhamel part and then applying the extended Strichartz estimates, we find several nonlinear estimates. One of the most significant part of nonlinear estimate is
, which can be bounded by
for some r > 6 and near 6. We control the first norm by Sobolev inequality in H . We control the second and third norms by angularly averaged Strichartz estimates for the pair (2, r). As for the quintic term we find (
x (|x|≥1) . We use (1.4) for the first norm and the previous cubic estimate for the later, for which the condition b 2 < 4 3 is necessary. On the other hand, in view of the previous work of [2, 11] one can expect a non-existence of scattering if b 1 is large. The reason is that a large b 1 leads us to an effect of the long-range scattering. Here we give a sufficient conditions as follows.
x for some smooth function ϕ ± . Then u, u ± ≡ 0.
We prove by contradiction. For this purpose we develop a pseudo-conformal identity through the virial identity of Lemma 3.1 and show time decay of potential energy such that
This estimate together with L 2 scattering enables us to handle the time decay of quintic term and hence to obtain an estimate
provided u, u ± are not identically 0 and u ± is sufficiently smooth. The RHS goes to infinity as t → ∞, which contradicts to the uniform boundedness of the LHS.
It still remains open to fill the gap
It is of interest to try the small data scattering with a weighted Sobolev space with additional angular regularity. This issue will be pursued in another place.
Our paper is organized as follows. In Section 2 we introduce several basic lemmata on the Sobolev inequalities and Strichartz estimates. Section 3 is devoted to establishing the local theory. The small data scattering is treated in Section 4. In the last section, we discuss the non-scattering results.
Notations.
• Fractional derivatives:
• Sobolev spaces:
for s ∈ R and 1 ≤ r ≤ ∞.
• Sobolev spaces on the unit circle:
• Mixed-normed spaces: For a Banach space X, u ∈ L q I X iff u(t) ∈ X for a.e. t ∈ I and u L
We define the mixed-normed space in polar coordinate by
• As usual different positive constants are denoted by the same letter C, if not specified. A B means that A ≤ CB for some C > 0. A ∼ B means that A B and B A.
Preliminary lemmas
We say that a pair (q, r) is admissible if it satisfies that 2 ≤ q, r ≤ ∞, (q, r) = (2, ∞), and
Lemma 2.1 ( [25] ). Let (q, r) and ( q, r) be any admissible pair. Then we have
Taking L 2 θ -average, we can extend the range of the Strichartz estimates as follows. [32] , [23] , and also [9] ). Let 6 < r ≤ ∞ and let supp ϕ ⊂ {λ/2 ≤ |ξ| ≤ 2λ} for any λ > 0.
Lemma 2.2 (See
Then we have
The following is the well-known 2D Hardy-Sobolev inequality.
This can be done by interpolation between Theorem 2 of [27] and critical Sobolev inequality
. For the later see [34] .
Assuming further angular regularity, we have the space decay Sobolev inequality.
, then inequality is shown in [15] . The case b = 1 2 can be shown by introducing a Besov space and its embedding. In fact, we know from [12] that
θ is the Besov space with angular derivative defined bẏ
Hence Lemma 2.4 follow due to the embedding H
Corollary 2.5. Let 2 < p < ∞. Then for any f ∈ H 1,1 θ there holds
This can be readily shown by interpolating the estimates between Lemma 2.4 and the trivial estimate
The final lemma is on the relation of angular derivative and radial operators.
(2) Let ψ be smooth and radially symmetric. Then
3. Well-posedness and blowup criterion
show that H is a contraction map on X n,1
and N 2 l for l = 1, 2 we denote the derivatives of Duhamel's part as follow:
From Leibniz rule and Lemma 2.6 it follows that
We only consider three cases: 
. In fact, using the bound (1.2), we deduce that
We consider only two significant parts |∂K l ||u| 2l |∂ θ u| and |K l ||u| l+1 |∂u||∂ θ u|. Choose the admissible pair ( q, r) = (4, 4). Then we have that for 0 < ε < min(
The local well-posedness in H 
By the same way, we estimate
This gives us the local well-posedness.
Remark 1. We can treat the case b 1 = b 2 = 0 as usual energy-subcritical problem. We can show the local well-posedness in H 1 . In fact, the main obstacle would be the terms |x| −1 |u| 3 and |x| −1 |u| 5 which can be estimated as follows: 
In particular, 
By the same way we can estimate
This concludes the proof of local well-posedness in H 2 .
3.1.5. Mass and Energy conservation. We have just shown that for any ϕ ∈ H 2,1 θ the solution u ∈ C(I * ; H 2,1 θ ). So we first assume that ϕ ∈ H 2,1
. This implies the mass and energy conservation. For this see [4] . Now, using the continuous dependency of solution on the initial data, the mass and energy conservation in H 
where
Proof. By the continuous dependency on initial data we may assume that H 2,1
and a r (x) be as follows:
Set D r (t) = a r |u(t)| 2 dx. Then by direct calculation we have
Since r≤|x|≤2r U (x)dx → 0 as r → ∞, after integrating over [0, t], by taking limit r → ∞ and then derivatives, we obtain (3.1) and (3.2).
Now from Lemma 3.1 it follows that
In particular,
Since E(ϕ) < 0, the last inequality gives us the finite time blowup. 
At first we consider the case b 1 > 0. Using Lemma 3.2 and Gagliardo-Nirenberg's inequality, we have
and
Then Young's inequality gives us that for some δ > 0
Therefore we get the uniform bound of ∇u If
Small data scattering
In order to show the scattering we use the extended Strichartz estimates of Lemma 2.2. To begin with we introduce a Besov type function space B s θ,r, r for s ∈ R and 1 ≤ r, r ≤ ∞, which is defined by
where P N is the frequency projection operator for dyadic numbers N ≥ 1 such that N ≥1 P N = 1,
. Then we can easily get the following:
(4) It has natural real and complex interpolation structure.
For these see [34, 10] . Now let us define a set △ of extended Strichartz pairs (q, r) by
For any pair (q, r) ∈ △ set s(q, r) = 2(
2 ). Then from Lemma 2.2, Littlewood-Paley theory, and complex interpolation it follows that
It can be shown by Christ-Kiselev lemma (for instance see [13, 1] ) and duality argument that for any (q, r), ( q, r) ∈ △ with q ′ < q
and also that for any (q, r) ∈ △ and any admissible pair ( q, r) with q
In this paper we only use (4.1) and (4.3).
Let us choose 6 < r such that max(b 1 , b 2 − 1) ≤ 2 r . Then we define the complete metric space X θ (δ) with metric d by
Now we show that the nonlinear functional H(u) = e it∆ ϕ + N (u) is a contraction on X θ (δ). For this we have only to show
Indeed, e it∆ ϕ X θ ϕ H in Section 3. Then we further decompose them into two parts, inside and outside of the unit ball.
where ψ 1 ∈ C ∞ 0 (B(0, 1)) and ψ 2 = 1 − ψ 1 . Given δ, taking ( q, r) = (4, 4) or (∞, 2), we have that for any u ∈ X θ (δ)
By Hölder's and Hardy-Sobolev's inequalities, and Lemma 2.4 we estimate Q 1 l,j with 0 < ε < min(
) as follows:
Here [b 2 ] denotes the maximal integer less than or equal to b 2 .
Next we estimate Q 2 l,j . We first have
If [b 2 ] = 0, then by choosing a small ε < 1 4 we have
As for Q 2 l,2 we estimate: If b 1 = 0, then
r , using Corollary 2.5, we obtain
Here we used the fact
If [b 2 ] = 0, then we choose a small ε such that ε < 1 3 and b 2 + 2ε < 1 and get
If [b 2 ] = 1, then by replacing b 1 in (4.6) with b 2 − 1 we have
1+s(2,r) θ,r,2
Then we estimate Q The small data scattering is now straightforward from the global well-posedness. In fact, let us define a scattering state u ± with
The existence of limit is guaranteed by the global well-posedness. Then we get the desired result by the duality argument based on the nonlinear estimates for Q k l,j : → 0 as t → ±∞.
Here (t, ±∞) means that (t, +∞) if t > 0 and (−∞, t) if t < 0. This completes the proof of Theorem 1.2.
Non-existence of scattering
We follow the argument as in [2, 7, 11] . By contradiction we assume that ϕ + L 2 x = 0. Since K l are real-valued, m(u(t)) = m(ϕ). We consider H(t) = −Im u(t)u + (t) dx for t ≫ 1. Differentiating H, we get
We decompose this as follows: We estimate J It was show in [2, 11] that δt≤|x|≤kt |u + | 2 dx ∼ ϕ + 2 L 2 for some fixed large k and small δ, and for any large t. From this we deduce that 
by interpolation we see that
for any θ > 0. By this we get |x|
x (δt≤|x|≤kt) (J For J 2 1 we have
Using (5.2) we get = o ϕ, ϕ+ (t −(2−b1) ) (∵ b 2 < 2 + b 1 ).
Therefore we conclude that for t ≫ 1 d dt H(t) ϕ,ϕ+ t −(2−b1) .
Since H(t) is uniformly bounded for any t ≥ 0, the range b 1 ≥ 1 leads us to the contradiction to the assumption ϕ + L 2 x = 0. By time symmetry a similar argument holds for negative time. We omit that part.
